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We have seen two classes of states bothforming a completeset namely
those which are created by acting with local operators on the recaum

2,4 1107 and those which are associated to Poincaré irreps

such as p and pd massive massless respectively E.IEfnjuY
thembgov.at

Let's understand now their relation by studying the overlap I is

y if ipfg.fi
within irrep aid values

wavefunction
casimirofthe irrep overlapcollectileindexeg a j

or tensoriely v taking tykj.it values
Polotritations

connecttorentt

which tells us how much of 1pm is found in Ota 107 to19indices

Likewise we can ask how much Ipismo is found in 0 1107

Let's focus on the massive state first

Remark
The dependence is easy to extractthanksto translation invariance

e a i é é
eitherT.fm or initio

e so In ring e so i in r

The 3 means that all these wavefunction overlap satisfy Klein Gordon eq
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0 Klein Gordon ea

Comment repeating the argumentfor the overlapof massless multiplets ind no
one finds Colfix 1k12g é EdMottram soldkdm.jo

We can thus focus on 401 I Ikr for cada t lad

In fact we can simplify it further by recalling that

51 1K 57m UCLINñ IT57mg INDm ULIK.FI IIDm o

6 Lotof It VK.tl IEoSmj 4olTILUtLIOt It UCLlIEr7mj

JIAO It 0A Ba Ki provides linear irrep

8 Lotof VK.tl IkrSmj Runñ solo it ñr
mj

Remark The 8 is saying that werefunction overlap is nothing but the
boosted rotated were function overlap 4010 it ñr

mj
That is it's enough to determine 401014 Iris 7mg in the preferred
frame it 7m at the preferred point xM o because we can

get sold I Iris m by covariantly boosting it and rotating it withDH
and we can further get cold Kr by translating it

Let's determine then 4010 I w̅57m bypure geometric grouptheory reasoning
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m spin j irrep of

01T irrepof sea41 reduciblewith respectsubgroupsold

9 I I I OA Y 33 31 3

are more explicitly

110 0 41 4414553 µg
repswrit 5

ClebschGordon coefficients thatwewillseebelow are
invariant tensors by matching
thetransf on r.hr l.ws

Example

Anto 12,12 1

l EHftat.sn
3Drectorwrtrotation

110 A.si A 4421141
gni linearbasis us befits

From 10 we can extract 401Of IE r in termsof ClebschGordonof

and tennis
inept

8 8 2 by VignerEckouttheorem
or Schar's lemma

131 401OH I II 57m 2,1m Kitshouldreallybease butwearesummingover
so notreallyimportantjustredefine C 3 0231

2j 2j x ̅ but x ̅ the same for all orbit k E so we can write 2 K2
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Lesson

The wave function overlap at 0 and re IT is fixed in terms of
group theory object theClebabGordan e up to an overallnormalization 144

Kinematics fix tensor structure

dynamics fix the 2,144
Since kinematics fixes almosteverything in terms of known objects at 0 KEY

and since going at to andgeneric k is obtainedby covarianttransformations

eg 8 and13

1141 401FTP lnr
g

e Email 2jan
I Inwo varydepending on

some in anytheory egfreetheory
the theory dynamical

Since all those factors in1141 are known we willsee thatwe can express the

201OH I K r as solution of geometric group theory differentialconstraints

To this end it's convenient to makemanifestsome properties of clebsch Gordon

Clebsch Gordon keyproperties ID and

II are invariant tensors writ rotations

14 I Bir i e
it it
DfpR

transform eachindexappropriately gives
back C's

1s B R e fir DbMike edit
inindexfreenotation



I C's are as close to the identity as possiblein suitablebasis since D are notsy.fiirrepyLapse

Example Are 12 121 0 1 8 A SriAi

di 1 TI I161

1 i HE if 11 11
Proofof ID insertUCRUCR 1 in 43 namely

4 C
1401 0 1 IF rym dffi.HURYTCRIIErjm
DIBIkyDYEIR Ldo in a

m Bitter e feel

Ca are pseudo unitary notunitary noteven invertible

12 a EACH IF A fair 8 8 p pit I

17bl CA p e E IAB

where we are using a shorthand notation where b it and f j 1 are suppressed

8 I 1
and where Rae and I B

are theirrep for parity P f is j

V13 Po IAI PapPBC SI PAPE 82
s

yay pfBGift abuseofnotation e g A index 02 1
in IAI belongsto4,51 likeB
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which we can with abuseof notation express a 14 if 4 1 4Another example is the 12,112 irrep

Am
P
o Pa Ar Pa L i fz which in spinorial indicesgive

An offAn
P

PuAn f gunruni 9
5 88 Ar T.PE ofAp

4 meftefmonii t.se finfatioy

There could do be phases up with 25 1 so thatPag PABarestringsof5

and andpossible phases in the α's I's basis wheres on tensorsactwith Pd
pseudounitority of C's equivalentto 1711

A

try.IE.CH IAA pH c I C
A TIA p Cta

401

I EAT fair 8 8 Caire I SAB

Comments

Actualunitary conditions wouldbe UtU UUt with U invertible thiscan't

be fulfilled by C's because i notinvertible and Iii the complex conjugation
send j_ it it j 1

The 0 0 provide irrep I for parity this induces irreps labelledby p
with respect the rotation subgroup Since R53 0 the P are justnumbers
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Example Are 112.1121 I

Ef.inttqknisiTzj s 7 y 8 D p s

y
17 a and 3 1 j o 7 di y 0

4 b s o j siz's 700 1 pb s

ᵈ

174analogLI 8miSri f disia you

IfWe are basically guessing therightthing byselfconsistencyof 1704and 176
analogsand the obvious intuition thatµ and r

Lorentz india in should be

contracted by metrics yur and 1 Alternative working with Asser Am
andAPR 1 51 F Aa A AP one extracts Pn y

Proofof P leaves 5 1 I invariant I P
Therefore rotations R commute with Parity P

42 D I Iaa D 1 5 and AIR etc PFBDY.fi

namely U RP 0 U RP BCR WIP 0 Ulp D Her 1,507

U PR I I UCPR EUR 0 4 UIR I D HAIR 04
The 1221 in indexfree notation says 04

111RIR I D R and

DHAyr I I DEM Now the C commute as well with

rotations see property and g 451 DG HR c it e D 1

Therefore the E E IF A CA'T Ct C is invarianttensor

writ rotations D IRI CIC DTR ID kYt DYKYC Ctec

By schur's lemma it vanishes unless 1 5 53 5 and it depends onlyon 3 thatis

the eq 117 al Similar
reasoning brings to A b
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Let's put this to work for some good

Again on An example first An SiAo SiAi I v r t rotet

An can have non trivialoverlaps with 5 0 and j a state only

Let's explore those two

1 0 overlap ofAilo
1231 4014101 w̅ 7mj o To overlap of Auto with spin o

i Millinall

4 201Auto In Lilk olArlo w̅2,5 LinkSi o kem o

Krim

5 401An I k
mj o

I
Ken Zj o In

lovelap vector withspin o state

comment this is hardly surprising since 401261kmjot Kné
Remark we can recast 125 as the solution of the constraint

2µV o equivalently dV o for dx 1for
26

m Th o

constraints on 5 0 overlap for vector

j s overlap of Atlo

12H 4014101 KOJI ETIE EM 01AM KT
j

25 2 Sf
11

LilañIÑ25 2

Since Karl is known wefixedit we couldjustcalculate1 si
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But there is a nice and instructive shorcat

1281 K 8T KUWIK T J O MET 0

29 2mV o m TM 0 VM 401AM INT j
spin l wavefunctionoverlapforAn

Remark The Elr α fi 11,11 is a particular choiceof basis
known as linear polortations A morecommon andoften convenient

basis is instead the helicity polarisation or circular where J is diagonated
Indeed by invarianceunder rotations

130 EIA 401AM Erp R't EM exptiro J Tm r

whose solutions are 1
EFF EE I 1

Connected to einea Iñ by an 5012 rotation the LG Thusineithercase

1321 ZEMEIKEEMEHTE.IE 2m ELE D EEEIEI qikyfff.IE

This is consistent with121 ƩSjSj You Sisi

another non trivial example massive spin 2 inharbor

1331 hmu 2 I 10,0 2 I 0 writ rotation

trfyh.esspent his d.o.f.tt I so dof_total of
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ii traced spin
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He

g.hn oispi
i si tracespin t

135 URIWINN AIRATRI hath f
µ

RREHx
Ri tis antent

spin o

6 E Ʃ E IF IK 0

EEITqnvei.in ñEmM o

7 Lolhav 1k57m 4mn1 1 spina wavefunction

247 0 411 1 0 my4
forsymmetrictensor

Lesson

Thegeneral lesson here is that wavefunctions satisfy simple covariant

constraints on top of Klein Gordon equations simply because they
are linear combination ofClebsch Gordon coefficients which are invariant
and pseudo unitary tensors The equations of motion for free fields
for which the 1 particle overlaps is all there is are completely fixedby

group theory

For the sake of completeness let's work out the generalconstraint

equations forany spin and fields using
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Spin Projectors

8 IT AB I eat's EBI't CA Zeta IFApbl

defines orthogonal projectors and b it understoodandfixed

1391 Ʃ IT AB ITI 8 IT Ʃ I
B

JAB

1 Inca C d I e it it
c

S's85 by pseudounit.info

Cair e B it

1401 IT IT IT 8 z 1
in matrixnotation

Now the wavefunctions 41 1 401UA Yo IF r 3 Cat

are proportional to the elebsch Gordon so that it follows

1411 t 45 1 8s 4 ECA.FI ff2
EHs

144 E H T 4,5 ITI Yik 8 7 98 479

If s't orthogonalprojector
II IT 0

which we can promptly recast into a covariantform acting with DAPCLM.nl
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APHY.SK O IT ch 49h

which are nicely covariantconstraints since

1451 DCM TICKI D A DILMA IT IF DC KI

D LIK KI D Linn.tl Alkali T.IR DlLTn TIA Lnn klDliMin

DlalT
fecouseLGnleoves it invariant
and C's are invomenttenors

DILAK A IT IF DCLcnn.FI DIA

so that DIA Talk 4141 Inn DINYIM

46 DINITI KI TILAK

In summery we have that wavefunction overlaps satisfy

III Y KI 0 Covariant e.am follow from grouptheory

4 MY41k they are kinematical forany spinfield
DIA TIKI THINK

Let's see again our favorite example
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Example VectorAm12,141 vs spin 1 0

481 GE si ITÉ ftp.ze siz THE
µ Ji E

49 É u Kenny IT 1 it If indeed knv o

for j s

50 Cit linear basis it iÉu Ef 7 fly Sis
indeed

1511 IT IT 817 Sidi

and one can check IT 1T 1
0 L 6 11

Moreover

154 IT 8 IT 4 EFI confirming previous

2EjE't
findings


